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1. INTRODUCTION 
In this paper, I show that in any combinatorial geometry, that is a matroid 
without loops or parallel edges, there exist at least as many hyperplanes as 
elements. This is equivalent to there being at least as many copoints as points 
in a geometric lattice, and hence extends Dilworth’s theorem [4] which 
proves equality only for modular lattices. Since proving this result I have 
discovered that both Baster-field and Kelly [l] and Greene [5] have previously 
established it. However my proof is totally different as it is incorporated in 
settling the case of equality. For I shall also show that the only geometries 
which have precisely as many hyperplanes as elements are the union of 
disjoint connected matroids, each of which is either a projective geometry or is 
a geometry of rank two or less. This is not true of matroids in general. 
The equivalent result for matroids is that there are at least as many hyper- 
planes as closed sets of rank one. 
In [3], Dembowski and Wagner essentially prove that if the blocks of a 
symmetric block design form the hyperplanes of a matroid, then this matroid 
is a projective geometry. This result may be deduced as a corollary of the 
main result of this paper. Lastly I show that the conditions of the Dembowski- 
Wagner theorem may be relaxed, inasmuch as I prove that if the hyper- 
planes of a combinatorial geometry are such that any two intersect in h 
elements, then it is either a projective geometry or has a single base or is the 
union of a single element and a geometry of rank two. 
2. NOTATION 
Throughout S will denote a finite set. The cardinality of a set X is denoted 
by 1 X 1 . Let x E X, then (X - x) will denote (X - {x}). 
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A matroid on a set S is a family M of subsets of S such that: 
(i) REM. 
(ii) If AEM and BcA, then BEM. 
(iii) If A EM, BE M, and 1 A 1 = / B 1 + 1, there exists an element 
x E (A - R) such that B u {x} EM. 
The members of M are the independent sets of the matroid. A set is dependent 
if it is not independent. A circuit is a minimal dependent set, and a base is a 
maximal independent subset of S. If 2 C S, the rank r(Z) of Z is the cardinal- 
ity of a maximal independent subset of Z. I shall call r(S) the rank of M. 
A subset X of S is closed in M if for any s E S - X, 
i-(X u {x}) = r(X) + 1. 
I shall call X a k-closed set of M if X is closed in M and r(X) = k. A maximal 
proper closed subset of S is a hyperplane of M. The closure of X, denoted by 
C(X), is the minimal closed set containing X. I shall denote by h(M) the 
number of hyperplanes of M. 
The matroid M* dual to M is the matroid on S which has as its bases all 
sets of the form S - B, where B is a base of M. A base of M* is a cobase of 
M, a circuit of M* is a cocircuit of M and so on. If T _C S, denote by M x T, 
the reduction of M to T, that is X is an independent set of M >( T, if X _C T 
and X is independent in M. The contraction M . T of M to T is defined by 
(M . T) = (M* x T)*. 
Alternatively the circuits of M . T are the minimal nonnull members of the 
family (C, n T: Ci is a circuit of M). A geometry is a matroid in which every 
two-element subset of S is independent. If M, , M, are matroids on S, their 
union M1 V M, is a matroid on S defined to have as its independent sets, all 
sets of the form X1 u X2 , where X1 E Mr , Xa E Ms . 
A matroid is connected or nonseparable if there exists no proper subset =1 of 
S, such that 
Y(A) + r(S - 24) = r(S). 
Alternatively a matroid is connected if every pair of elements of S are con- 
tained in a circuit. Let M be a matroid on S. Then if A C S such that 
r(S) + r(S - A) = r(S), 
and A is minimal nonnull with respect to this property, then M x 4 is 
called a connected component of M. Clearly M = M1 V M, V ... V MI,, 
where each Mi is a connected component of M. This matroid notation has 
been that of Harary and Welsh [7]. 
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My block design terminology is that of Hall’s book [6]. In particular a 
symmetric (a, K, X) design on the set of elements X = (xi: 1 < i < u} is a 
set (Xi: 1 < i < w) of subsets of X such that: 
(iv) \ Xi 1 = K, 1 < i < w; 
(v) jXinXfI =A, i#j. 
(vi) The integers v, k, h satisfy 0 < h < K < ZI - 1. 
The subsets Xi are called the bZocks of the design. 
Call the parameter set (v, k, h) matroidal if there exists a design with these 
parameters such that the blocks of the design form the hyperplanes of a 
matroid. That is they satisfy the following hyperplane axioms for a matroid. 
HYPERPLANE AXIOM. If HI , H, are distinct hyperplanes and 
x E (S - (f& n f&N, 
there exists a hyperplane H3 such that 
If the hyperplanes of a matroid form the blocks of a design, then the matroid is 
called a design matroid. 
Again following Hall [6], a projective geometry is a set of points and a set 
of subsets of the points called lines such that: 
P.G.1 There is one and only one line containing two distinct points. 
P.G.2 If A, B, C are three points not on a line, and if D # A is a point 
on the line through A and B, and if E # A is a point on the line through A 
and C, then there is a point F on a line with D and E and also on a line with B 
and C. 
P.G.3 Every line contains at least three distinct points. 
Thus considering the two-closed sets of a matroid M as lines and the 
elements as points, these form a projective geometry iffz 
(vii) M is a geometry. 
(viii) Let K be a three-closed set of M, and let (x1, x, , xa} be an 
independent set of M contained in K. Let x4 E C({x, , x,1), .r, # x1 , and 
x5 E C(h , x2>>, x5 # x1 , then 
VW1 , x5})) n W({X, 3 4)) f @. 
(ix) Every two-closed set contains at least three elements. 
Veblen and Young [l l] define the dimension of a projective space recur- 
sively, starting from a point being of dimension zero and a line of dimension 1. 
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If X,,, is a space of dimension n - 1 and P a point not contained in X,-i , 
the set of all points in all lines PB, B a point of dY,+1 , is a space Xn of dimen- 
sion n. The set of all points of a projective geometry is clearly a space of the 
projective geometry. Its dimension is the dimension of the projective 
geometry. Thus a matroid M is a projective geometry of dimension 12, if its 
elements and 2-closed sets form a projective geometry PG, and a set is a 
k-closed set of M iff it is a (R - I)-dimensional subspace of PG. 
Let PG(n, q) be a projective geometry of dimension 12 3 3 over a finite 
field of size q = pr, where p is a prime. Then 
(x) There are precisely (qn+l - l)/(q - 1) points. 
(xi) Every hyp er pl ane contains (q” - l)/(q - 1) points. 
(xii) Every k-dimensional subspace contains kki-’ - 1)/k - 1) 
points. 
These are well known properties of a projective geometry of dimension 
three or more. If it is of dimension two then it is a projective plane. An 
important property of projective planes is that the hyperplanes, that is the 
lines, are all of the same cardinality. Perhaps the most important property 
of a projective geometry, as far as this paper is concerned, is that there are 
the same number of hyperplanes as points. Also to be used is that every pair 
of hyperplanes intersect in a (n - 2) dimensional subspace. That is the hyper- 
planes form the blocks of a (v, K, h)-design. 
A geometric lattice (or matroid lattice) is a finite dimensional semimodular 
point lattice. By considering points of a geometric lattice as elements and 
the rank of a subset of elements as the height of the join of the corresponding 
points, we get a rank function of a geometry. The elements of the lattice of 
height k correspond to the k-closed sets of the matroid. The reverse process 
of defining a geometric lattice from a geometry, is most easily seen as follows. 
Construct each level of the lattice successively as follows. The level of height k 
consists of elements which correspond to the k-closed sets of the matroid, 
and an element of height k - 1 is joined to an element of height k if the 
corresponding closed sets are such that the (k - 1)-closed set is a subset of 
the k-closed set. Clearly the copoints of the geometric lattice correspond 
to the hyperplanes of the geometry. Further lattice theory may be found 
in Birkhoff [2], which has provided the terminology already used. 
3. PRELIMINARY LEMMAS 
It is easy to see that H is a hyperplane of M on S iff S - H is a cocircuit 
of M. We also need to observe that if M is connected, then M* is a connected 
matroid. 
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LEMMA I. If M, , M, are matroids on disjoint sets S, , S, , then the hyper- 
planes of Ml V M2 are precisely those sets of the form (S, v H,) and (S, u H,), 
where H1 , Hz are hyperplanes of MI and M, respectively. 
LEMMA 2. If M is a geometry on S, and T C S. Then M >: T is not only a 
mutroid but a geometry. 
The proof of the first two lemmas is elementary from the definitions and 
is left to the reader. 
LEMMA 3. Let M be a mutroid on S, and T C S. Then h(M x T) < h(M). 
Moreover if H is a hyperplane of M x T, then H = K n T, where K is a 
hyperplane of M. 
Proof. M x T = (M* * T)*. The circuits of M* . T are precisely the 
minimal nonnull members of the family (Ci n T: Ci is a circuit of M*). 
Thus M* . T has at most as many circuits as M*. Since a hyperplane is the 
complement of a cocircuit the result follows. 
LEMMA 4. Let M be a mutroid on S. Let C be a cocircuit of M, and let 
x E S be such that x E C. Let 1 C 1 = k, and let x belongs to d cocircuits. Then 
M x (S - C) has (n - k) elements and 
h(M x (S - C)) < h(M) - d. 
Proof. Consider M*, then C is a circuit of M*. Let 
M, = M* 1 (S - (C - x)). 
The circuits of M, are precisely those minimal nonnull members of the 
family (Ci n (S - (C - x)): ci is a circuit of M*). Clearly x is a circuit of 
M, . Thus if x E Cj , then Cj n (S - (C - x)) is not a circuit of w unless 
Cj = C. Thus M, has at least (d - 1) circuits fewer than M*, which implies 
M* * (S - C) has at least d circuits less than M*. Again since the comple- 
ment of a hyperplane is a cocircuit the result follows. 
The following lemma is the most important result required to show that 
h(M) = 1 S 1 implies that M is a projective geometry. To see this I refer the 
reader to the description of Theorem 1 just prior to its proof. 
LEMMA 5. Let M be a connected mafroid. Let C be a co&c& of M, such 
that every element of C belongs to exactly k co&-c&s of M. Then if 
M x (S - C) bus precisely k fewer cocircuits than M, it is connected. 
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Proof. Since M x (S - C) has exactly K fewer cocircuits than M, for 
each x E C, the proof of Lemma 4 with K = d demonstrates that the cocircuits 
of M are described by 
(C, n (S - C): R 6 Ci , Ci a cocircuit of M). 
Since x is an arbitrary member of C, it follows that, in this special case with 
K = d the cocircuits of&Z x (S - C) are given bJ 
(Ci n (S - C): Ci a cocircuit of M, Ci # C). 
Since Ci r\ (S - C) can avoid being a cocircuit only if it contains x for all 
x E C. It follows that M x (S - C) must be connected. For if a, b E S - C, 
then there is a cocircuit C’ containing a and b since M (and hence M*) is 
connected, and so a, b E C’ n (S - C) which is a cocircuit of M x (S - C). 
4. MAIN RESULTS 
It is obvious that a connected matroid M on S has all its hyperplanes of the 
same cardinal&y and exactly the same number of hyperplanes as elements if 
(i) M is a projective geometry. 
(ii) M is of rank two (every element is a hyperplane). 
(iii) M consists of just a single independent element. 
The main result is to show that these are the only connected geometries 
which have the property that h(M) = 1 S 1 , and that for any connected 
geometry M h(M) > ( S 1 . This result, called Theorem 1, has a long proof, 
and therefore I offer this synopsis so that the reader may know where the 
proof is headed. 
It is first assumed true for geometries with IZ - 1 elements or less. Then 
assume that M is a geometry on S such that la(M) < 1 S 1 and ] S 1 = 11. 
It is a relatively easy matter, using Lemmas 1-3, to show that M x (S - e) 
contradicts the induction hypothesis. 
Next suppose M is a connected geometry on S, and that 1 S 1 = n = h(M). 
Then, by employing Lemma 4, it will be shown that M has cocircuits all of 
the same cardinality k, and every element belongs to precisely k cocircuits. 
Let Hi = S - Ci, C, a cocircuit of M. Then, by Lemma 5, M x Hi is a 
connected geometry on (n - k) elements with (n - K) hyperplanes. Thus the 
induction hypothesis implies that M x Hi is a projective geometry. Clearly 
since the cocircuits of M are all of cardinality K, ( Hi ( = II - k = t 
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1 < i < n. Also every element of M belongs to t hyperplanes. It is a fairly 
easy matter to show that the hyperplanes of M, regarded as blocks of a 
design, form a (ZI, K, h) design, using the fact that M x Hi is a projective 
geometry. By employing this again, together with the conditions of a (v, K, h) 
design, it can be shown that M is a projective geometry. 
THEOREhZ 1. If M is a connected geometry on S, then h(M) > j S 1 , 
with equality if and only if M is either a projective geometry or a geometry of 
rank two or less. 
Proof. Clearly the theorem is true if 1 S / = 1. Assume that the theorem 
is true for ] S j < n - 1. If M is a disconnected geometry on S, 1 S 1 < n - 1, 
then by combining Lemma I with the induction hypothesis for the connected 
components of M, h(M) 3 ( S ) . 
Suppose that M is a connected geometry on S, / S ) = n, such that 
h(M) < ( S 1 . Let e E S, then consider M x (S - e) = (M* . (S - e))*. 
Since M is connected, M* is connected. If M* . (S - e) is not connected 
then at least one circuit of M* must have been destroyed by contracting e. 
That is h(M x (S - e)) < h(M). But by the induction hypothesis 
h(M x (S - e)) > n - 1, thus h(M) > n, which contradicts the initial 
supposition. 
Therefore M* . (S - e) must be connected. Combining with Lemma 2, 
this implies that M x (S - e) is a connected geometry on (n - 1) elements. 
By Lemma 3, h(M x (S - e)) < h(M), which together with the induction 
hypothesis implies h(M x (S - e)) == h(M) == n - 1. Suppose M has 
rank three and that M x (S - e) has rank two. Thus (S - e) is a hyperplane 
of M, which means e is a cocircuit of M. The cocircuit e implies M* is not 
connected, which contradicts the initial hypothesis that M is connected. 
Therefore both M and M x (S - e) have ranks greater than two. Thus 
combining with the induction hypothesis M x (S - e) is a projective 
geometry on n - 1 elements. A projective geometry on (qt+l -- l)/(q - 1) 
points has hyperplanes of cardinality (qt - l)/(q - 1). Suppose Hi is a 
hyperplane of M. Since h(M x (S - e)) = h(M), Hi n (S - e) is a hyper- 
plane of M x (S - e) by Lemma 3. But the hyperplanes of M x (S - e) 
are all of the same cardinality k, since M x (S - e) is a projective geometry 
on n - 1 elements and hence k is independent of e. k > 0 since M x (S - e) 
has rank greater than two. Thus the hyperplanes of M which do not contain e 
are of cardinality k, and those which do contain e are of cardinality k + 1. 
But e was an arbitrary element of S. Thus any hyperplane of M, since it 
contains an element, contains S. This contradicts the definition of a hyper- 
plane. Thus using the induction hypothesis, connected geometries on n 
elements have at least n hyperplanes. 
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Next suppose M is a connected geometry on S, 1 S ( = n, such that 
h(M) = n. Let the cocircuits of M be (Ci: 1 < i < n) and let 
ki = I G I, 1 <i<?Z. 
Also suppose that ki < k, < ‘.. < k, . 
Let S = {q: 1 <cj < n} and let xi belong to di cocircuits of M. Suppose 
thatd,<d,<$<...<d,. 
By elementary counting 
gl ki = il dj * (4.1) 
Let cocircuit Ci contain the element xj . Suppose df > ki , then by Lem- 
ma 4, M x (S - CJ is a geometry on (n - kc) elements and has at most 
(n - dj) < (n - kd) hyperplanes. This contradicts the induction hypothesis 
whether it is connected or not. Thus dj < k( for all Ci , such that xj E Ci . 
Clearly dI ,< kI , for otherwise C, could have no members; and suppose 
4 < k, , 1,<r<p-1, 
but that d, > k, . This implies that no member of {xi: p < i < n} belongs to 
a member of (Ci: 1 < i 6~). Thus the cocircuits (C, , C, ,..., C,) are con- 
tained in the set {x1 , x2 ,..., x,-r}. Let S - T = (x1 , x2 ,..., xD-r}. Consider 
M x T. This is a geometry with (n - p + 1) elements and only (n - p) 
hyperplanes, which contradicts the induction hypothesis. Thus d, < k, , 
and therefore by induction 
But from (4.1), 
Thus combining the two, 
di = ki 2 1 <i,<fZ. 
Therefore dI = kI , and assume that d,=k,=d, =k,, 1 <i<q- 1. 
Now suppose that, d, = k, > k, = dI . Since dj < ki for all Ci , such that 
xj E Cd, then 
xi $ G (1 ,(i<q- l;q<j<n). 
Thus 
4-l Q-l 
g ci = ; txi)- 
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Let dj’ be the number of Ci , 1 < i < q - 1, to which xj belongs. Again by 
counting repetitions, 
a-1 a-1 
zl dj' = zl Izi . 
But 
U-1 9-l 
lr;dj=~lki=('@)k,. 
Combining these and the fact that dj’ < dj , implies that 
di = dj’ = dl , 1 <-j<q- 1. 
Thus x1 does not belong to any member of (Ci: q < i < n). But X, does not 
belong to any member of (Ci: 1 < i < q - l), as these cocircuits only 
contain the elements {q: 1 < i < q - 11. Therefore x1 and X, cannot be 
contained in a cocircuit, which implies M* is not connected. Thus M is not 
connected which is a contradiction. Thus by induction 
di = ki = k, , 1 <i<n. 
Thus M is a geometry with n hyperplanes all of the same cardinality t, 
and each element of M belongs to exactly t hyperplanes. It will now be shown 
that each hyperplane intersects every other in precisely the same number of 
elements. 
Let Hi = S - Ci . By Lemma 5, M x Hi is a connected geometry on 
1z - k, elements with n - dj = 12 - k, hyperplanes, and therefore by the 
induction hypothesis is a projective geometry or has rank two or less. Thus 
all its hyperplanes have the same cardinality. Now every hyperplane Hj of 
M (j # i) meets Ci in some point X. But the t distinct hyperplanes of M 
containing x arise from the t distinct hyperplanes of M x Hi, by taking 
their closure with X. Thus Hj n Hi is a hyperplane of M x Hi (all of which 
have the same cardinality). Therefore each hyperplane Hi intersects every 
other hyperplane in ai elements. This implies that 1 Hi n Hj ) = ai = aj . 
Thus every member of (Hi: 1 < i < n) is of the same cardinality and inter- 
sects every other in precisely the same number of elements a. That is the 
hyperplanes regarded as the blocks of a design, form a (0, k, h) design with 
v=n,k=t,X=a,providedO<a<t<n-1. 
If t = (n - 1) then clearly M consists of a single element, since every 
element is a cocircuit of M, but M is supposed to be connected. 
If t < (n - l), but a = 0, then it follows that M must be of rank two. 
This leaves the case where the hyperplanes of M form a (er, k, X)-design. 
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If M has rank three, then the hyperplanes of M are two-closed sets, and every 
pair intersects in a single element. Clearly M will satisfy the axioms of a 
projective geometry. It is also easy to see that the dimension is two and is 
called a projective plane. Suppose M has rank greater than three. Consider K 
a 3-closed set of M. Let H be a hyperplane of M such that KC H. This is 
always possible since r(H) > 3. But M ic: H is a connected geometry, such 
that h(M .h: H) = ! H / , as was shown earlier, thus M x H is a projective 
geometry. Since M x H is a projective geometry, the axioms of a projective 
geometry apply for the 3-closed set K. But K was any 3-closed set of M. 
Thus the 2-closed sets and elements of M form the lines and points of a 
projective geometry. Since M x H is a projective geometry of dimension m, 
clearly the k-dimensional subspaces of M are the (k + I)-closed sets of M 
provided k :c m. This means to ensure M is a projective geometry, all that 
is required is to confirm that its dimension is nz + 1. This will be the case if 
every 2-closed set of M intersects every hyperplane. Let L be a 2-closed set 
of M, and HI a hyperplane of M, such that L C HL . Since M x Hl is a 
projective geometry L intersects every (m - 1) dimensional subspace. That is 
L intersects every m-closed set of M contained by Hl . Consider any hyper- 
plane Hz of M, Hl n H, is an m-closed set of M contained by Hl . Thus L 
intersects Hz . This implies M is of dimension m + 1. Therefore M is a 
projective geometry. This establishes Theorem 1 by induction. 
DEMBOWSKI-~VAGNER THEOREM. The parameter set (v, k, A) is matroidal 
if and only if it is one of the following types: 
(a) h = 1, that is the parameters correspond to a projective not neces- 
sarily desarguesian plane. 
(b) It is the parameter set of a design derived from a projective geometry 
PG(n, q); that is, for some prime p and positive integer n, 
2, = (P+l + 1) 
(q-11) ’ 
k = (4” - ‘1 
(Q-1) ’ 
h = W’ - 1) 
(q-11) ’ 
where q = pr, for some positive integer r. 
The proof of this theorem, which may be found quoted in this form in 
Welsh [12], appears in Dembowski-Wagner [3], and later presented by 
Kantor [9]. The sufficiency of the theorem is obvious. Its necessity may either 
be deduced from Theorem 1, or the last part of the proof of Theorem 1 
provides an easy direct proof. 
THEOREM 2. If M is a geometry on S. Then k(M) > 1 S 1 with equality $7 
M=M,VM,V..,VM,, whereMiisa matroidon&, (S,: 1 <i<k) 
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forming a partition of S, and each Mi is either a projective space or a geometry 
of rank two or less. 
Proof. Consider the connected components of M on S. Each of these 
contain at least as many hyperplanes as elements, which by Lemma 1 implies 
the first part of the theorem. Equality will only occur for M, if for every 
connected component Mi , h(MJ = 1 Si 1 . Thus Lemma 1 and Theorem 1 
applied to each Mi give Theorem 2. 
In his paper [12], Welsh conjectured that if M is a geometry such that for 
any two distinct hyperplanes Hi , Hj , ( Hi n Hj 1 = h > I, and 
1 Hi 1 = ( Hj 1 , then M is a design matroid. I shall prove the following 
stronger result. 
THEOREM 3. Let M be ageometry on S, such that if Hi , Hj are hyperplanes 
of M, then 1 Hi n Hj 1 = h >, 1, i # j. Then M is either a projective geometry 
or the union of a single independent element and a geometry of rank two or just 
consists of a single base. 
Proof. This result depends on a theorem by Isbell [8]. He showed that if 
(Bi,lQi~m)aresubsetsofS,(S(:=n,withjBir\B,I=X,forifj, 
and 1 < i, j < m, then m < n. The same result in dual form was obtained 
by Majumdar [IO] earlier. 
Combining the above condition with the fact that I have proved any 
geometry has at least as many hyperplanes as elements, gives h(M) = ( S / . 
Theorem 2 tells us that M = M V M, V ... V MI, , in which each Mi is either 
a projective geometry or a geometry of rank two or less. By Lemma 3 and the 
fact that the complement of a hyperplane is a cocircuit, the cocircuits of M 
are precisely the cocircuits of each Mi . Since the intersection of any pair of 
hyperplanes of M has cardinality A, then the union of any pair of cocircuits of 
M has cardinality 1 S 1 - A. 
Now suppose that M, has rank greater than two. Thus M, is a projective 
geometry. Hence its cocircuits are of cardinality q’, q, r >, 2, and the cardinal- 
ity of the union of a pair of its cocircuits is qr + qr-l = / S 1 - A. Consider 
Ma then the union of a cocircuit of M, and a cocircuit of M1 has cardinality 
q’ + k, where k is the cardinality of a cocircuit of Ma , Thus k = qr-I. But 
Ma is either a projective geometry or a geometry of rank two or less. If Ma 
is a projective geometry with cocircuits of cardinality qr-I, the union of 
a pair of cocircuits of M, has cardinality q’-l + qr-2 # j S 1 - A, which 
contradicts the original condition. Next suppose that M, has rank two. 
Since the elements of M, are hyperplanes, the cardinality of a cocircuit of 
M, is ( S, ] - 1 = k = qr-l, and the cardinality of the union of a pair of 
cocircuits of M, is 1 S, I f ] S ( - A. This contradiction leaves only the 
case of M, being a single element. This element is a cocircuit of M, , that 
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is k = 1, and thus K cannot equal qr-l. Therefore if MI is a projective 
geometry then M = MI . Clearly the same result will follow if any of the Mi 
is a projective geometry. 
Now suppose that Ml has rank two. As just shown its cocircuits are of 
cardinality 1 S, 1 - I, and the union of a pair of its cocircuits has cardinality 
1 Sl j . Thus 1 S, i = / S 1 - h. Since h > 1, there exists M, , a geometry 
which has rank two or less. Suppose M, has rank two, then again 
( S, 1 = 1 S 1 - X, and the cocircuits of M, have cardinality 1 S, ( - 1. 
Thus the union of a cocircuit of M, and a cocircuit of MI has cardinality 
1 S, 1 + / S, j - 2 = 2 1 S / - 2h - 2 which must equal 1 S 1 - h. 
Thus 1 S / - X == 2, therefore 1 S, 1 == 1 S, I = 2. This implies that both 
M, and M, consist of just a single base of two elements. Following a similar 
argument any other Mi , 3 < i < k, must either consist of a pair of elements 
which form a base or consists of just a single independent element. Thus M 
consists of a single base. Alternatively M, may be the only one of Mi , 
1 < i < k, which has rank greater than one. Thus M, V Ma V ... V M, 
is a geometry which consists of just a single base. Therefore the cocircuits of 
M are those of M, , which have cardinality / S, I - 1, and those of 
M, V M, V ... V MI, = Mt which have cardinality one. The union of a pair 
of cocircuits of MI has cardinality / S, j . The cardinality of the union of a 
pair of cocircuits of M, is 2. Thus again I S, 1 = 2, and M will again be 
found to be a single base. This just leaves the case of M = M, V M, , 
where MI is of rank two and M, is just a single element. Clearly by taking 
M, there has been no loss of generality and the same result would follow for 
any Mi, 1 <i <K. 
This just leaves the case in which each Mi , 1 < i < K, is just a single 
element. Hence M consists of just a single base. Thus the truth of Theorem 3 
has been established. 
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